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1642-1754

* Thework of I. Newton (1642-1727) and G.W. Leibniz (1646-1716), the brothers
Bernoulli (late 1600's and early 1700's), J. F. Riccati (1676-1754) led to the discovery of
theinfinitesimal calculus which in turn helped the development of differential equations
theory. ([26])

1736-1865

¢ J L. Lagrange (1736-1813) and W. R. Hamilton (1805-1865) established the use of
differential equations in analyzing the motion of dynamical systems. ([26])

1868
» J. C. Maxwell analyzed the stability of Watt's flyball governor. ([26])

1877

» E. J. Routh provided a numerical technique for determining when a characteristic
equation has stable roots. ([193])

¢ |. 1. Vishnegradsky analyzed the stability of regulators using differential equations
independently of Maxwell. ([194])

1892

» A.M. Lyapunov studied the stability of nonlinear differential equations using a
generalized notion of energy. ([1], [26])

Automatic Control 10
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1892-1898

¢ 0. Heaviside invented operational calculus and studied the transient behavior of systems,
introducing a notion equivalent to that of the transfer function. ([26])

1893

« A.B. Stodola studied the regulation of awater turbine using the techniques of
Vishnegradsky. ([26])

1895

* A.Hurwitz solved independently the problem of determining the stability of the
characteristic equation. ([195])

1920-1939

* P. S deLaplace (1749—1827), J. Fourier (1768—1830), A.L. Cauchy (1789—1857)
developed the frequency domain approaches at Bell Telephone Laboratories, and
explored and used these in communication systems. ([26])

Automatic Control 12
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1927

« H.S. Black demonstrated the usefulness of negative feedback. ([196])

1932

* H. Nyquist developed Regeneration Theory for the design of stable amplifiers and
derived his Nyquist Stability Criterion based on the polar plot of acomplex function.
([197])

1938

* H.W. Bode used the magnitude and phase frequency response plot of acomplex function
and investigated closed-loop stability using the notions of phase and gain margin. ([198])

1945-1955
e Thefirst textbooks on Control Theory appeared which discussed stralghtforward deﬂgn
tools and provided great insight and guaranteed solutions to design problems. ([204]
[205], [206], [207], [208])

1947
« N. B. Nichols developed his Nichols chart for the design of feedback systems. ([26],
201])
1948

« W. R. Evans presented his root | ocus technique, which provided a direct way to
determine the closed-loop pole locations in the s-plane. ([202])
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T = Emv2 +—mx

X = x+1sin(6) X = x +16cos(0)
y =lcos(0) y = —10sin(0)

— V2 =x?+3% =120 + 5% + 2105 cos()

— 7= %m{lzéz + 32 42105 cos(e)} +%sz

— Li C IS 21
P=mgleos(9)  Uneargonolsysems
1 . | - 1 .
L=T-P=—ml*6*+ mez +mlOx cos(0)+ Esz —mgl cos(6)
d (oL oL e 5 ;
o T = (M m)E+mibeos(9) - mib? sin(0) = F
di(%j _2_2 —0 — mi20+mlicos(0)+mglsin(0) = 0.
t et et ] !
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X=X,
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I cosx,

Xy =X,

. 1

X, = I_(Ty —1,w.x, cosx,)
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Mason Method

Given an SFG with N forward paths and K loops, the gain between the input node yj, JLM)
and output node yeu 15 [3]

(3-54)

¥in

R=]

where
Vi = input-node variable
Yorr = output-node variable
M = gain between y;, and v,
N = total number of forward paths between y;, and v,
M, = gain of the kth forward paths berween y;, and y,,,

Arlsz,—Il—ZLJ.-szLU+... {3-55)
i i k

Ly = gain product of the mth (m =1, j. k, ...) possible combination of r non-
touching loops (1 < r < K).
or
A = 1— (sum of the gains of all individual loops) + (sum of products of gains of all
possible combinations of twe nontouching loops) — (sum of products of gains of
all possible combinations of three nontouching loops) + - -

Ay = the A for that part of the SFG that is nontouching with the kth forward path.




Signal Flow Graph
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0 -K 5e,com H(S) 5e Gb(s) Ga(s)
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|, = KH(s)G,(s)G, (9)

A=1-1 -1,
— ﬁ — MlAl — —KH (S)Ga (S)Gb (S)
0, A 1+K_SH(9G,(5)G,(9) - KH(9G,(9G,(9)
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y(8) +Ay(S) = (G(s) + AG(s)).R(s)
G(s) —()— |

Ay(s) = AG(s).R(s)

T,(9=G(s)=> K =1

)

AG(s) M‘U"b . "
G G
a9 gﬁ )+ ay(s) = DI TACE). g

1+ H(s)(G(s) + AG(9))

AG(S) R
1+ H(s)(G(s) + AG(9)) ) (1+ H(9)G(s))

Ay(S) =
H(s) (

Linear Control Systems 11
By: Dr B. moaveni

Caomwlbus palf-Souud ol

G(s) PCNPYIPOFCI
H(s)
G(9>AG(S) = AY(S) :%R@)
Linear Contol Sysems, 12

By: Dr B. moaveni




ol - Ksud 3G

(a) Open loop amplifier.

Gair o ‘[N, (b) Amplifier with feedback.
B rl 2
T T T I
[F1]) ih)
Open loop Closed loop
Yo = _“i'h B= E I' =R1+E3Z
T=
x T X an= 1

=1+x,-p 1+Egp

If Ka Is large, the senslivily Is low.

T 1

K=10'  p=o1 Sg, ———=999x10 ¢

I+ N

2500

il 58 058 5 Commlue &l (w2

G(s)

Singular Values (abs)

14

" S(s+5)(s+ 2500)

Singular Values

T T
Closed loop Transfer function
Sensitivity function
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Step Response
T

Open loop Transfer function
Closed loop transfer function
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@
T

! 15
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©
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o 300

é 200 =
E(s) = R(s) - o(s) R(s)= 0 3 [ifswlom

AL > Wy

E g
e

E(s) = _wts) 0 IJU ;ﬂ 30

Maotor torque (N-m}
E(s) = -»(s) = ! “Td(s) Td(s) = 2
|:J-s+b+(Km-&ﬂ 5
Ra

K —j = b = —w(infinite)

b+(mﬁ]

lim E{t) = lim s
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“ H |J's + b
[x le
| -
Km 1 Kb
Gl(s) = h; Gis) = Garh) His) = Kt + X2
_ _ a') ':I?“ V= 50 volis
B = o) = 1 e T -
100 V= 30 volis
GIGIA(s) > 1 0 L L
E(s) = ;.m.) ¥ &1 {s}H{s) very large the effect of the dishsbance
Gl(=)-H(s) can be minimized

GI(s)H(s) = x‘:‘"(n + E) spproaimeisly "‘g since Ka >> Kb

Sirive fo maintain Ka large and Ra <2 ohme
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Example 4:
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b=12 s Sosed oop |
km=3 16} .
Ra=1 14} i
kb=0.3 12} 1
kt=1 1) i
08 i
ka=30 o6l .
0.4} 1
02 i
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s By(#) = R(s)} - ¥(s) = (1 - G(s))}-R(z)
1
By(s) = ) -R(s) H{s)=1
Steady Siale Enor

Imn off) = Em »-E()
t—> 0 s> 0

For & siep unill Inpul

cofinfinie )= Em s-(1- G- = Bm (1-GO)
8 (e

53> 0

us(inﬁh}= m a-( 1 )-l = §m ( 1 ]
s o \1r6 /s L e\Tram
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Mfile Simulink
impulse to workspace
step plot
impulseplot |sim

initial
Ltiview

Linear
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Isim

Nonlinear ode
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o) gwl coalicn o MATLAB ;i sslaul
Jto

Commanded

Pitch command Pitch clevator dE:;u\c:lt?;n [N _\_‘IE"_L_I\‘_‘!‘_H_‘T_IL_M ____________
i deflestion - i '
(% 4 ] Je,com Oc : . ) ; 'r’ly
| R = Hs) H (s o Gals) -
— J - : !
Elevalor L
K.s
Pitch rate sensor
—-0.125 s+0.435
G(s) =G,(9G, () =
s +0.226s+0.0169 s+1.23
2 K.=1
H(s) = P s
S+ =
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Impulse Response
T

Amplitude

-0. ! ! ! ! ! |
0 10 20 30 40 50 60

Time (sec)
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Step Response
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|
|
|
0.2t -
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Response to Initial Conditions
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ODE -
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B pf B i Sloj el

:JCo axlsl

1
X, = T, + 1z X . .
%2 |, cos (T, +105%,) Simulink e
X3 =X, Sourcesblock —
1 Sinks —
= T(Ty — | ro,X, COSX;)
r
M: 1 ‘ D
MATLAB Fen7 Integ:z'tuﬂ \ﬁ

:

Ty
Sgna\z—’l>—p
E =

Signal 3

MATLAB Fong Integrators

Signal Builder

2
5
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% =%, b b paaw Sboj Fwly

1
X, =——— (T, + | o X,)
|, cosx, RS :JCo aoldl
X =%, .
. 1 Mfile e
X = T(Ty — I r@.X, COSX;) ODE -

ifunction out = FeM(E,y) '
Ws=100%*2%pi;
IR=30e-6;
EIr=15e—6;

out = [y(2):...
(1+IR*ws*y (4)) / (Ir*cos(y(3))):i...
y(4)i...
(1-IR*ws*y (2) *cos (y(3))) /(Ir)]1;

[t,y] = oded5('FGM', [0 0.02]1, [xic]);
figure (1)
plot (t,180%y(:,1)/pi,'-',t,180%y(:,3)/pi,'—")
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%=, B o B s Sloj Fwly

1
(= (T, +
%2 I,cos>(3,(rZJr R0%a) :JLo aolo
X3:= X, .
1 Mfile

x4=|—(l'y—IRaJszcosx3)

r

function out = FeM(E,y) T
Ws=100%2%pi;

IR=30e-§;

Ir=15e-6;

|

ODE -

out = [y(2)i...
(1+IR*ws*y (4) ) / (Ir*cos(y(3)))i...
y(4)i...
(1-IR*ws*y(2) *cos(y (3))) /(Ir)]s

[t,y] = oded5('FeM', [0 0.02], [zic]):
figure (1)
plot (t,180%y(:,1) /pi, '-',t,180%y(,3) /pi, '—"')
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ODE Solvers

Solver Problem Type Order of Accuracy ‘When to Use

ode45 Nonstiff Medium Most of the time. This should be the first
solver you try.

odel3 Nonstiff Low For problems with crude error tolerances or
for solving moderately stiff problems.

odell3 Nonstiff Low to high For problems with stringent error tolerances
or for solving computationally intensive
problems

odel5s Stiff Low to medium If ode45 is slow because the problem is stiff

odel3s Stiff Low If using crude error tolerances to solve stiff
systems and the mass matrix is constant

odel3t Maoderately Stiff Low For moderately stiff problems if you need a
solution without numerical damping.

ode23th Stiff Low If using crude error tolerances to solve stiff
systems.
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— — Linear Output
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O Slos fdow sy a5 Ls
(1) Integral of the square of the error, ISE ISE = ]ez (t)dt
0

(2) Integral of the absolute magnitude of the error, IAE | }|e(t)| dt

0

(3) Integral of time multiplied by absolute error, ITAE .
ISE = [t]e(t)|ct

(4) Integral of time multiplied by the squared error, ITSE
ISE = [te? (t)ct
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1.2
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EEE—— K >
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Swiftness: N / /
Zo06 b
x
Tr
Closeness: 04
Tg om =4T 02
Tg o0, =3T
0
0 0.5 1 1.5 2 2.5 3 35 4 4.5
Number of Time Constants
i 0 025 0.5 0.75 1 1.5 2 2.5 3 4
x() 0 0.221 0.393  0.527  0.632 0770 0.865 0.920 0.950 0.980
Linear Control Systems 21
By: Dr B. moaveni
J9| M).o ‘Slb i) i < 00 0 Pl
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é // //'
¥ al .
3 //l/ =
o~
2 = —
e Iy
/ //
1 4~
A
W
0 lf"""‘ } } }
0 1 2 3 4 5 [ 7
Number of Tima Constants
Unit ramp response of a first-order system
1T 0 1 2 3 4 5 6 7
x(n/r 0 1 2 3 4 5 6 7
NM/T 0 0368 1135 205 3018 4007 5 6
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2
Standard form: G(s)=— “n 5
S*+25m,5+ o]
x,(f)

Underdamping (s, and s; complex)

¢ =0 No damping
¢ <1 Underdamping

Critical damping
(s, and s, real and equal)

¢ =1 Critical damping
¢>1 Overdamping

Overdamping
(s, and s, real and unequal)
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Te= < 4sec
. .®
J=0707 @ ;
CGop21
r= 0707 . When the closed-loop roots are chosen as:
{9 I r=-1+j1
and | 1 J
) I rp=-1-j1
lw, =1 |
| 45° We have Tg = 4sec and an overshoot of 4.3%.
- 4 L L
l6e, = Therefore, = = and ¢ == =\/§
n
d ¢
: 2
S, K o,
T(s) = O - = 4 -
7 1+G9) Pips+K 12005+,
2
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09 & 50 s gusly 31 oo 53

600
wnz(l'zs+1) r:=ld
Gz (S) = 2 2
s*+ 26w, S+ w;, |
480 1
a)2 I,=6
G,(8)=5—"7"""—— 30N
z 2 2
s*+ 2w, 5+ w; - ‘ \\
2- -
N o T,s 240 =3 \l
s’ + 28w, S+ wf /\
T.=1
% '/ ——
T,=0 [
0.00 1.50 3.00 450 6.00 7.50 9.00 10.50 1200 13.50 15.00}

Time {5ee)
Figure 5-37 Unit-step responses cf the system with the closed-loop transfer function in
Eq. (5-162): T- =0,1.2,3,6, and 10.
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Figure 5-38 Unit-step responses showing the effect of adding a zero to the closed-loop
transfer function.
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Figure 5-8 Typical steady-state error due to a step input.
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Table 9.7 Types of cascade compensators

Function Compensator Transfer function Characteristics
s+ 2z
Improve PI K 1. Increases system type.
steady-state ] 2. Error becomes zero.
LLor 3. Zero at —z. is small and negative.
4. Active circuits are required to implement.

s+ze

—

Improve Lag . Error is improved but not driven to zero.
steady-state &t pn 2. Pole at —p, is small and negative.
eror . Zero at —z, is close to, and to the left of,
the pole at —p,.
4. Active circuits are not required to implement.

W

Improve PD K(s +z0) 1. Zero at —z. is selected to put design point on
transient oot locus.
Iesponse 2. Active circuits are required to implement.

3. Can cause noise and saturation; implement with
rate feedback or with z pole (lead).

§+z
Improve Lead K ’ 1. Zero at —z, and pole at —p, are selected to put
transient §+Ppe design point on root locus.
response 2. Pole at —p, is more negative than zero at —z.

L

~ - . Active circuits are not required to implement.

40



i 0uscS S g b jluil s b Sg

Table 9.7 Types of cascade compensators

Compensator Transfer function Characteristics

Function
Improve e
steady-state
error and
transient
response

Improve Lag-lead

K(S + Zlag)(s + Ziead)
5

(s + Zlag)(s + Zead)

(8 + Prag)(s + Plead)

1. Lag zero at —z),, and pole at origin improve
steady-state error.

2. Lead zero at —zje5q improves transient response.

3. Lag zero at —zj,, is close to, and to the left of,
the origin.

4. Lead zero at —zje4q is selected to put design point
on root locus.

5. Active circuits required to implement.

6. Can cause noise and saturation; implement with
rate feedback or with an additional pole.

1. Lag pole at —pj,g and lag zero at —z),, are used

steady-state to improve steady-state error.
error and 2. Lead pole at —piesq and lead zero at —zjeqq are
transient used to improve transient response.
LEpponee 3. Lag pole at —py,g is small and negative.
4. Lag zero at —zj,, is close to, and to the left of,
lag pole at —py,.
5. Lead zero at —zjeqq and lead pole at —pjeqq are
selected to put design point on root locus.
6. Lead pole at —pje,q is more negative than lead
ZE10 Al —Zjead.
1a Q<7 7. Active circuits are not required to implement.
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